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Abstract. We study the behavior of the confining flux tube in N f = 2 + 1 QCD at the
physical point, discretized with the stout smearing improved staggered quark action and
the tree level Symanzik gauge action. We discuss how it depends on a uniform external
magnetic field, showing how it displays anisotropies with respect to the magnetic field
direction. Moreover, we compare the observed anisotropy pattern with that of the static
quark-antiquark (QQ) potential we obtained in [1, 2].
1 Introduction and numerical setup
The study of flux tubes forming between pairs of static color sources have always been a way to study
the emergence of a confining potential in QCD. This is rather independent of the particular confining
mechanism, even if the very idea of flux tube formation emerges very naturally within the dual super-
conductor scenario for color confinement.
The purpose of this paper is to provide a first investigation of flux tube formation in the presence
of a magnetic background field. Various studies [1–6] have shown that the confining potential gets
strongly modified by the magnetic field, and that the string tension parallel and perpendicular to the
magnetic field differ; moreover, for large enough magnetic fields the former could even vanish [2, 7].
Within this context, looking at the flux tube provides a new way to achieve a better comprehension of
how the magnetic field acts on the confining properties of QCD.
The color-electric field Eℓ(xt) which develops between a pair of static color sources can be evaluated
on the lattice by considering the connected correlator sketched in Fig. 1, that has been originally in-
troduced in Ref. [8, 9] and subsequently adopted in various works [10, 11]. The subscript ℓ stands for
longitudinal, since we are considering the field component longitudinal with respect to the interquark
separation. It has been observed that the transverse components of the color-electric field and all the
color-magnetic field components are negligible within the flux tube [12]. We compute the field ex-
actly at the mid-point of the QQ separation and at various transverse distances xt. In such a way, we
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can reconstruct the profile (or shape) of the flux tube.
Eℓ(xt) can be expressed in terms of the connected correlator Cµt(xtρˆ) and of its disconnected coun-
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Figure 1. Schematic representation of the observable in Eq. (1) that we adopted to determine the color-electric
field Eℓ(xt) between two static color sources on the lattice.
terpart Dµt(xtρˆ):
Cµt(xtρˆ) = 〈Tr(WµtLµρUP,µtL
†
µρ)〉 and Dµt(xtρˆ) = 〈Tr(Wµt)Tr(UP,µt)〉, (1)
which consist of a gauge invariant product of link variables conveniently splittable into 3 constituent
paths: Wµt, Lµρ, and UP,µt. Wµt is a Wilson loop in the µt plane (µ is one spatial direction while t is
the temporal direction) with temporal extent T = nT a and spatial extent R = nRa along µ = X, Y or
Z; it represents two static color sources separated by a spatial distance R along µ, propagating for a
euclidean time T . The plaquette UP,µt is located in the position where the color-electric field is probed:
inbetween the sources (i.e. in the middle of the Wilson loop) and shifted by xt along the transverse
spatial direction ρˆ , µˆ. Finally, Lµρ is an L-shaped Schwinger line starting from the middle of one of
the temporal sides of Wµt, reaching the center of the Wilson Loop and ending in the point where UP,µt
insists on. The explicit expression of the color-electric field observable in the QQ background on the
lattice reads
Fµt(xtρˆ) =
1
a2g
(
Cµt(xtρˆ)
〈Tr(Wµt)〉
−
1
Nc
Dµt(xtρˆ)
〈Tr(Wµt)〉
)
, (2)
where a is the lattice spacing and g =
√
6/β is the gauge coupling. Eq. (2) gives directly a deter-
mination of the chromoelectric field itself, while alternative definitions based on the disconnected
correlator Dµρ(xt) allows only to determine the expectation value of the square of the field [13, 14].
If we consider the case without the external field, i.e. the case at eB = 0, all the interquark separation
directions are equivalent, as well as all the possible transverse directions. Hence, we can perform an
average over all the 6 possible combinations of directions and define Eℓ(xt) as
Eℓ(xt) ≡
1
6
(
Fxt(xtyˆ) + Fxt(xtzˆ) + Fyt(xt xˆ) + Fyt(xtzˆ) + Fzt(xt xˆ) + Fzt(xtyˆ)
)
. (3)
Conversely, when we have a nonzero external field eB , 0 oriented along the zˆ axis we cannot perform
such an average because the lattice rotational symmetry is explicitly broken. Then, we identify 3 dif-
ferent classes of correlators which can be safely averaged, according to their parallel (‖) or transverse
(⊥) orientation with respect to the B field. These classes are reported in the following table, where the
“representative of the class” entries contain the symbol that we will use to identify the data of each
class.
~B and µˆ ~B and ρˆ Representative of the class Definition of the class
⊥ ⊥ XT − Y Ex(xtyˆ) ≡
1
2
(
Fxt(xtyˆ) + Fyt(xt xˆ)
)
⊥ ‖ XT − Z Ex(xtzˆ) ≡
1
2
(
Fxt(xtzˆ) + Fyt(xtzˆ)
)
‖ ⊥ ZT − X Ez(xt xˆ) ≡
1
2
(Fzt(xt xˆ) + Fzt(xtyˆ))
1.1 Smearing
The observable we are interested in consists of the product of several link variables along the path
described in the previous section and shown in Fig. 1. Hence, as well as for the determination of the
Wilson Loop, it is convenient to perform some sort of smearing on the SU(3) link variables, in order
to reduce the UV-fluctuations and gain a better signal-to-noise ratio. To this aim, following previous
works [10], we adopted a smearing procedure with one single HYP smearing step for the temporal
links [15] with coefficients ~α = (1, 0.5, 0.5) and NAPE APE smearing steps for the spatial links [16]
UAPEµ = ProjS U(3)
(
Uµ + αAPEVµ
)
, (4)
with αAPE = 1/6 and where Vµ is the sum of all the four spatial 3-links staples related to Uµ.
We evaluated our observables for several different values of NAPE , in order to be able to address the
issue of the dependence of the results on the smearing level.
The APE smearing procedure is empirically equivalent [17] to other smoothing techniques, like cool-
ing, Wilson flow, stout smearing, and other kinds of smearing, which all can be interpreted as diffusive
processes. Hence, it is convenient to translate the number of APE steps in a smearing radius in phys-
ical units which can be compared to other smearing procedures. Following [17], we adopted the
formula
Rs = a
√
8 αAPE NAPE
1 + 6 αAPE
(5)
which holds in the case of a four-dimensional smearing, while here we are performing 3D smearing.
Even if it is possible to derive a relation also for the 3D case, here we are just interested in giving the
order of magnitude of Rs, which should be relatively similar with respect to the 4D case.
1.2 Lattice discretization
We discretized the N f = 2 + 1 QCD lagrangian density at the physical point adopting, as in [1, 2],
improvements both in the gauge and in the fermion sectors. Moreover, we took into account the effect
of the background constant and uniform (electro-)magnetic field, which is directly coupled to the
fermionic degrees of freedom. This can be attained by adding the abelian gauge potential term iq f Aµ
to the gauge covariant derivative, so that its complete expression reads Dµ = ∂µ + igA
a
µT
a + iq f Aµ,
where q f is the electric charge of a given quark flavour and A
a
µ is the non-Abelian gauge potential. In
the discrete formalism of Lattice QCD, such a modification of Dµ can be introduced by multiplying the
usual SU(3) variables that appear in the Dirac operator by proper U(1) phases u
f
i;µ = exp(iq f aAµ(i)),
where Aµ is a four-potential for a uniform magnetic field along the Z axis. All the phases that differs
from the identity are:
u
f
i;y = e
ia2q f Bzix and u
f
i;x
∣∣∣∣
ix=Lx
= e−ia
2q f Lx Bziy . (6)
This choice describes a uniform magnetic field only if Bz satisfies the quantization condition [18]:
eB = 6πbz/(a
2NxNy). Within this setup, the euclidean partition function reads:
Z(B)=
∫
DU e−SYM
∏
f=u, d, s
det (D
f
st[B])
1/4, (7)
where byDU we mean the functional integration over the SU(3) links. SYM is the tree level improved
Symanzik gauge action [19, 20]. The nonabelian gauge variables in the staggered Dirac operator, D
f
st,
are the two times stout-smeared links [21]. See [1, 2] for further details.
2 Numerical results
We consider the same setup we adopted in [1, 2], where we simulated the discretization of QCD in
Eq. (7) with the RHMC algorithm on several lattices, at several lattice spacings and in correspondence
of different values of the magnetic field. Here we focus on the case of the simulations performed on
a 483 × 96 lattice at β = 3.85 and with bare quark masses chosen in order to be at the physical point.
The corresponding lattice spacing in physical units is a ≃ 0.0989 fm, while the four-volume is about
(5 fm)3 ·10 fm. In order to address the effect of the external field on the flux tube profile, we considered
the case eB = 0 and also 5 non-vanishing values of eB, up to ∼ 3GeV2. For each field we considered
O(30) thermalized configurations, separated by 25 steps of RHMC algorithm, and computed the flux
tube every 10 steps of APE smearing, with NAPE spanning from 10 up to 250.
2.1 Numerical results at eB = 0
In Fig. 2, we plot the longitudinal color-electric field Eℓ(xt) as a function of the smearing level for a
QQ separation of about 0.7 fm (i.e. with a 7 × 7 Wilson Loop), for three values of transverse distance
xt = 0, 3a, 7a. Although it would be very interesting to study how the flux tube depends on the
distance between the color sources (i.e. on the size of the Wilson Loop), we report here preliminary
results for this single interquark separation, and we leave the study of such a dependece to future
works. Data show a significant dependence on NAPE , i.e. the smearing radius Rs: the color-electric
field strength initially grows, then it reachs a sort of maximum/plateaux, but soon after it starts again
to decrease. Such a behaviour is similar to that observed for the field strenght correlators [22, 23].
Moreover, the larger the value of xt the larger the smearing radius Rs where we observe the maxi-
mum/plateaux. Hence, we need to choose a specific prescription to fix the value of Rs. In Ref. [10], the
prescription is to take the value at the maximum/plateaux; this is analogous to what has been done in
the literature for similar quantities like the gauge-invariant field strength correlators [22, 23]. Anyhow,
this prescription implies that the field value is taken at a different number of smearing steps according
to the value of xt. In order to check for possible systematics, it is important to consider also different
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Figure 2. Dependence of the color-electric field strength on NAPE (and on Rs). Data refers to a 7 × 7 Wilson
Loop, i.e. to an interquark separation of about 0.7 fm.
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Figure 3. The shape of the flux tube at eB = 0 generated by two static color sources separated by 0.7 fm as
obtained with the fixed Rs method and with the maximum/plateaux method plotted in linear scale (Left) and in
log scale (Right).
prescriptions, to consistently perform the continuum limit and, finally, to compare them. Among the
possible choices, here we consider the case in which all the field strength values are measured at the
same fixed value of the smearing level Rs, in physical units, for all the transverse separations xt. Then,
the continuum limit should be taken at fixed Rs, and continuum results obtained for different values
of Rs should be compared among them and with the plateaux method. Such a prescription is similar
to what is done for other correlators using the gradient flow as a smoothing technique, and is actually
the same thing in view of the equivalence between all smoothing techniques [17, 24]. In Fig. 3, we
compare the flux tube profile for different prescriptions for fixing Rs, including the maximum/plateaux
method. Since the comparison is limited to one lattice spacing and no continuum limit is performed,
we cannot conclude anything about the fate of the observed discrepancies. We leave such a study
to a future work and we limit ourselves to notice that the non-trivial dependence on NAPE has to be
carefully treated.
2.2 Numerical results at eB , 0
In Fig. 4 we compare the dependence on NAPE (or on Rs) of the field strength at eB = 0 and at
eB ≃ 2 GeV2, as before for xt = 0, 3a, 7a. The results for three classes of direction combinations
introduced in Sec. 1 differs significantly: the flux tube is modified in an anisotropic way. In particular,
as we separate the quarks along X or Y we observe an increase of F with respect to the eB = 0 case,
while it decreases as we separate the pair along Z, the direction of the external magnetic field. The
problem of choosing a recipe to fix the number of smearing levels still holds, indeed also data at non-
zero external field display a non-trivial dependence on NAPE . Anyhow, such a dependence is quite
similar as we go from eB = 0 to eB , 0, while staying at fixed xt; the only difference between the two
cases seems to be just a multiplicative factor. To make this more quantitative, in Fig. 5 we plot again
the same data of Fig. 4, but after having computed the ratios
rXT−Y =
Ext(xtyˆ, B)
Ext(xtyˆ, B = 0)
, rXT−Z =
Ext(xtzˆ, B)
Ext(xtzˆ, B = 0)
, and rZT−X =
Ezt(xt xˆ, B)
Ezt(xt xˆ, B = 0)
. (8)
All the curves are rather flat: the systematics introduced by the particular choice for NAPE is almost
washed away by the procedure of computing the ratios of Eq. (8). In the left panel of Fig. 6, we plot
the profile of the flux tube both at eB = 0 and all the 3 classes at eB ≃ 3GeV2 when the color sources
are separated by 0.7 fm. Such data are not free from the systematics of the choice of the smearing
level; anyhow, we can appreciate how the field strength of the flux tube is more intense if we separate
the quarks along directions which are perpendicular with respect to the magnetic field and, conversely,
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Figure 4. Dependence of the color-electric field strength on NAPE (and on Rs) at eB = 0 and at eB ≃ 2GeV
2.
Data refers to a 7 × 7 Wilson Loop, i.e. to an interquark separation of about 0.7 fm.
it is less intense if we separate them along the direction of the field. This anisotropy pattern is very
similar and hence, likely, deeply related to that we observed for the static QQ potential in the presence
of an external magnetic field [2], and specifically to the string tension anisotropy pattern. In the right
panel of Fig. 6, we plot the ratio defined in Eq. (8) as a function of xt. Given the independence of the
ratios on NAPE the plotted data (which corresponds to NAPE = 80) represents the value of the ratios
at almost arbitrary NAPE . This plot allows also to appreciate that the external field deforms the shape
of the flux tube, by shrinking or dilating its width. Indeed, in the case of the ZT − X field shape we
observe that the ratio is smaller than one at xt = 0 and gets smaller and smaller as xt increases: the
width is reduced by the magnetic field. On the other hand, in the XT − Y (XT − Z) case the ratio is
larger than 1 in at xt = 0 and increases (decreases) as xt increases. This means that, as we separate the
quarks along a direction that is perpendicular with respect to the magnetic field, the flux tube has no
more a cylindrical symmetry: it is shrinked along the direction of the field and dilated along the other
direction (perpendicular to the field). This loss of cylindircal symmetry is not particularly strong and
it becomes observable only at rather large external magnetic fields (eB ∼ 1 GeV2).
We fitted our data for the flux tube shape at eB = 0 and at eB , 0 with the function
Eℓ(xt) =
φµ2
2πα
K0(
√
µ2x2t + α
2)
K1(α)
, (9)
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Figure 5. Ratios of the color-electric field strength at eB = 0 and at eB ≃ 2GeV2, defined in Eq. (8), at various
transverse distances: left xt = 0, middle xt = 3a, right xt = 7a.
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field. Left: flux tube shape. Right: ratio of flux tube shapes, see Eq. (8).
which has been already adopted in the literature [10, 11, 25, 26], and that has been derived to describe
the magnetic field profile of an Abrikosov vortex in an ordinary superconductor away from the London
limit [27]. In the context of QCD, such a function is intended to describe the shape of the color-electric
flux tube within the dual superconductor interpretation of the QCD vacuum. The free parameters φ,
µ and α appearing in Eq. (9) are, respectively, the total flux, the inverse of the London penetration
length and the ratio between the coherence length and a variational parameter. Following [10], we
compute the value of the energy per unit length ǫ carried by the flux tube (i.e. the string tension) by
using the formula
ǫ =
∫
d2xt
E2
ℓ
(xt)
2
=
µ2φ2
8π
1 −
(
K0(α)
K1(α)
)2 . (10)
To compare our results with the string tension ratio computed in [1, 2], we determined the ratio
between the energy density ǫ at nonzero external magnetic field and that at zero field. We report
these ratios in the right panel of Fig. 7, together with the string tension ratios obtained from the static
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Figure 7. Full (empty) triangles: string tension ratios σZ(B)/σ(B = 0) (σXY (B)/σ(B = 0)) as obtained in [2] at
the same lattice spacing we adopted in this work. Bands corresponds to the continuum limit of such ratios, always
from [2]. We compare these results with that obtained in this paper. Red (green) empty circles: flux tube energy
density (see Eq. (10)) ratios ǫXT−Y (B)/ǫ(B = 0) (ǫXT−Z(B)/ǫ(B = 0)). Orange full squares: ǫZT−X(B)/ǫ(B = 0).
potential on the same lattice: this plot shows that the two determinations are in agreement and supports
the idea that there is a deep relation between the two anisotropy patterns.
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